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ABSTRACT

The subject of this dissertation is the numerical integra-
tion of the initial-value prcblem for the non-linear Vlasov
equation. The Vlasov equation is used to describe the dynamics of
a "collisionless", one-dimensional, classical electron gas confined
between two perfectly reflecting boundaries. Only the long-range
Coulomb interactions of the electrons are considered; effects
associated with the discrete structure are neglected.

The numerical results obtained for non-linear Landau damp-
ing compare well with similar results obtained by Knorr. A
general statement of the results on stable initial conditions is:
As the degree of non-linearity of the initial conditions is
increased, the deviation from linear Landau damping appears sooner
and is more severe. In some cases damping was observed to cease.
Curves showing the time dependence of the damping decrement are
derived and compared with predictions of non-linear theories.

New results obtained in this study include the observation

that for strongly non-linear cases, the damping of the electric
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field causes an initially Maxwellian f (v, 0) to develop a
peak in the neighborhood of the phase velocity; strong growth

of the second harmonic is seen after fo (v, t) develops such a

peak.
Also new in this study is the interpretation of the develop-

ment of a certain class of strongly unstable initial conditions as

approaching an inhomogeneous equilibrium.
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I. INTRODUCTION

1.1 General Remarks

It is the purpose of this dissertation to study the dynamics
of a plasma in the "collisionless” limit. The physical require-
ment is that the number of particles in a Debye sphere be very
large. Collective effects will be included in a self-consistent
manner, but close encounters between particles will be ignored.

Also we will consider only processes which occur on a time scale
of the order of the electron plasma frequency, so that ion
inertial effects can be ignored.

The substance of the material to be discussed consists of
an investigation of non-linear effects in the initial value
problem for Vlasov's equation for both stable and unstable equilibria
using numerical methods. We sclve for the electric field and for the
electron distribution function as a function of time.

The present numerical work on the non-linear Vlasov equation
is comparable with work done by Knorr [1963a, b] and, to a lesser
extent, Kellogg [1965], but is quite different in approach. The
points of agreement and disagreement of the present work with that

of Knorr will be discussed. It should be emphasized that the



problem considered in this work does not include any effects
connected with the discrete structure of the plasma, and should
be regarded as distinct from prior numerical calculations on
"charged sheet" plasma models which necessarily include collisions
[Dawson, 1962; Smith and Dawson, 1963; Buneman, 1959; Buneman,

1963; Burger, 1965].

1.2 Vlasov Equation: Specializa~
tion to One Dimension

A "collisionless" plasma is described in the electrostatic,
or ¢ = » limit, by the Vlasov eguation, also known as the

correlationless kinetic equation, which is

: %% (X, ¥, t) +7 - 9% _ Lk mX’ ) . §§ = 0. (1.1)
ox v

— — s
E (x, t) is the self consistent field in the plasma, given by

B'E(}?:t)
3%

brN_e (L- | f (X, v, t) dv) - (1.2)

The plasma is assumed to be macroscopically neutral with a uniform,
"smeared out", immobile ion background of density No' The

f (E; V, t) is the electron distribution function, -e the electronic



charge, and m the electron mass. We limit the problem to solving
(1.1) and (1.2) in the infinite domain when f (X, v, O) is specified.
The class of f (i; V, 0)'s to be considered is restricted to small
perturbations which vary spatially in only one direction (say, x)
about a spatially-uniform initial distribution. We now define a
reduced or one-dimensional distribution function f (x, v, t) which

is related to £ (X, ¥V, t) by
f(x, v, t) = Jj'dvy dv, f (x, v, t) (1.3)

and which satisfies

f (x, v, t) ey O (x, v, t) eE (x, t) af (x, v, t)

at ax m BV
- 0 (1.k4)
and
of aﬁ 8) o n N, e (1 - Im £ (x, v, t) dv) . (1.5)

The problem is to find £ (x, v, t) and E (x, t), given f (x, v, 0).



In the next section we describe Landau's perturbation-theoretic

solution to (1.4) and (1.5)-

1.3 Linearization: The Landau
Solution

The linearization of the Vlasov equation consists of expand-
ing the distribution function, f (x, v, t), about a spatially

uniform equilibrium as

£ (x, v, t) = f(o)(v) + € f(l) (x, v, t)

e 258 (v, 1) e L. (1.6)

where £ << 1, and I av f(o)(v) = 1. No externally produced electric
fields are allowed, and E (x, t) has a similar expansion
(1) 2 . A PN
E(x,t) = €EEV/ (x, t) + € E (x, t) + ... (L.7)
The expansions (1.6) and (1.7) are then substituted into (1.4) and

(1.5), and terms of O (82) or higher are neglected, which results

in

af(l) (x, v, t) + v af(l) _ e E(l) (x, t) af(o) (v) _ 0
ox m v

ot
(1.8)



(1)
oF ax(x’ t) b N e J f(l) (x, v, t) dv . (1.9)
We require that
¥ f(o) W) dv = 1, and J f(l) dxdv = 0. (1.10)

It is important to note that, in (1.8), terms of the form

(1)
E(l) (x, t) of gﬁl v, t) have been neglected. In order for the
solutions of (1.8) and (1.9) to be an accurate representation of

f (x, v, t), the terms neglected must be small compared to the

terms retained; hence we require

B ——agf,O) | > s af;(,l) |

or that

(1)
_ of oV
R = | m | < 1 . (l.ll)

The conditions under which (1.11) is not satisfied will be discussed



further in section 1.4; we only observe now that it represents
one potential shortcoming of the linearized equations (1.8) and
(1.9).

Another possible difficulty with the linear solution to the
Vlasov eguation comes from the assumption that f(o) (v) is
independent of time, which neglects the effect of the initial
spatial perturbation in causing changes in the spatially-uniform
part of £. It is shown numerically in Chapter IV that even for
very small ( ié;; = 0.04) perturbations, the spatially uniform
part of f does change appreciably, especially around the "resonant™
velocity.

We now follow Montgomery and Tidman [1964] in describing
the Landau solution. Landau's [1946] procedure for solving (1.8)
and (1.9) consists of first applying the Fourier transforms.
eikx

f) e, v, 1) = 1) (v, ) ax

- (1.12)

1) (4) ax

E(1) (x, +) J.“’ (I E}E

obtaining



(1) (1)
df e 0)
afc‘ + ikv f}({l) - Efn agi - 0, (1.13)
and
ixkE) () b e | flgl) (v, t) av . (1.14)

Landau next applied a Laplace transform to f(l) and E(l)

k '
gt @ - J’: P ) (v, 0 at (1.15)
and
B ) - \': e 5 (1) at (1.16)

where it can be shown under weak restrictions, that the integrals
converge for Re p > some positive constant [Backus, 1960]. Using

(1.15) and (1.16), we obtain from (1.13) and (1.1k) the expres-

sions

(W (v, ) = 2 1 (v, v -0)

p + ikv

+'§ Eél) (p) = ] (1.17)




and

N ei o av £ (v, £ = 0)
1 o) k ?
Eﬁ ) (p) = kD (k, p) p + ikv (1.18)

-C0

Ly N, i = dv af(o)/av
- —— | 5= — - @

-0

]

where D (k, p)

The solution of (1.18) for the quantity of interest Eél) (t)
consists of using the inversion theorem for Laplace transforms,

namely

B (1) = g 20 2 o) w (1.20)

2T i .
o-1iw

where the contour is taken to the right of all the singularities
of the integrand. The integrals in (1.17-1.20) are far too
compiicated to do for the Maxwellian f( ) (v), for example.
Landau observed, however, that some information about

Eél) (t) in the limit t - « could be extracted from (1.20) by
deforming the integration contour under certain restrictions on

*
the analytic properties of the initial conditions.

*We observe that the distributions we shall deal with in the later
numerical calculations are all entire functions of velocity and
thus satisfy the analytic requirements of Landau for the continua-
tion of the transforms.



Landau was able to show in the t - « limit that the

Eﬁl) (t) — < R, e_iu'>i(k)t e'7i(k)t

t= o (1.21)
where
-i wy (k) = 7]'_ (k) = pi (k)
(wi, 7, real) (1.22)

and p; (x) are the zero of the analytically-continued Landau

denominator or "plasma dielectric function',
D (k, Py (k)) = 0. (1.23)
Ri is the residue:

. 1
Ro=  lm (p-p ) 5 (5 p) (1.24)
p »p; (k)
We restrict ourselves to the case of simple zeros of D (k, p).
For a further exposition and criticism of Landau's analytic

continuation procedure, the reader is referred to the following
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references: Landau [1946], Backus [1960], Hayes [1961], Weitzner
[1963], Saenz [1965], Taylor [1965].

Now if 7, (k) > 0, we notice that in the long-time limit,
the Eél) (t) is exponentially damped. This phenomenon is called
"Landau damping". If 73 (k) < 0, the equation (1.21) predicts

growing electric fields and is an electrostatic instability.

Figure 4O shows the solutions, y (k) and w (k), of (1.23)
for a Maxwellisn £$°) (v) and for k = 0.25 t0 1.0. (Numerical

data for Figure 40 is from Table 1 of Gary [1966].)

The solutions of (1.23) for arbitrary f(o) (v), small k,

are
2 2
3k v
2 2 th ®
wo= (1 + w2 + ... ), x> Vi (1.25)
1Y
and
w2 (0)
i D of k dw
y (&) = o () (1-= 5
2 k ek w dk
Y
L < . .2
S <1 (1.26)

Specializing (1.26) to the case of a Maxwellian f(o) (v) yields
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ko 5
7 = \E () e (3 (5072
(1.27)

Now w/k is just the phase velocity of the plane wave
solution for the kth Fourier component of the electric field,

hence one may conclude that the kth wave will damp if

16(0) (o) /x)
v

is negative or will grow if

10 (w(x) /)
ov

is positive. The qualitative

physical interpretation which is given to damping or growth in terms

9
ov

greater than w(k)/k give up energy to the wave and those with

of f(o) (w(k) /k) is that the particles with velocities slightly

velocities slightly less than w(k)/k gain energy from the wave.
0
229 (w() /x)
ov

If is negative, there are more particles gaining

energy from the wave then losing energy and the wave damps; if

12(0) (k) /x)

v is positive, then the former situation is reversed

and the wave grows. It will be evident in the numerical data to be
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presented in Chapter IV that this intuitive picture is only in an
approximate sense correct. It applies best to the situation when
the phase velocity of the wave, w(k)/k, is >> the thermal velocities
of the particles. When w(k)/k becomes comparable to a thermal
velocity, the situation becomes more complicated. In Dawson's
[1961] model for the stable case, this idea is expressed as the
plasma oscillation being maintained by the entire plasma and the
damping being caused by the "resonant" particles. It is observed
in several of the stable cases, as described in Chapter IV, that
there are some particles energized for all v < w(k)/k. The
largest effect is observed, however, near w(k)/k.

The presence of an electrostatic instability requires that
there be at least a relative minimum of f(o) (v), i.e., streaming.
This theorem is demonstrated by Jackson [1960]. The necessary
and sufficient condition for growing waves {(i.e., 7 (k) <O) is

Penrose's [1960] criterion:

S (0) (0)
w | 22w - (@© } > o (1.28)
I. (v - 8°
where
£ro(v) | = 0 and f£" (v) | >0

v=E v=g



13

1.h Breakdown of Linearization

There are several ways which the linearized solution can
break down. The first as suggested in section 1.3 is for the
terms neglected in the linearization to become comparable to

those retained. Quantitatively we must have

1ot |

|af(o)/av ‘ «< 1. (1.29)
Backus [1960] shows that the value of R must grow proportionately
to t; hence, no matter how small the initial perturbation, the
perturbation-theoretic solution must eventually break down.
Differing estimates of the time required for breakdown of
linearization (because of the growth of the ratio R) in (1.29)
are derived by Dawson [1961], Montgomery [196L4], and O'Neil
[1965]. Dawson and O'Neil compute the time required for R to

become O (1) in the region of resonance v = w (k)/k as

— D) (o
2/€, (E = fi—T—ﬁ—i—gl )

£ (v, 0)

|
I
,Ueli—'



1k

subject to the restrictions that 7T << 1 and k not be too small.
The requirement 7T << 1 is essentially that the initial field
amplitude not change appreciably from t = O to t = 7. Montgomery
[1964] estimates the time required for breakdown to occur in the

non-resonant part of the distribution as ty = 1/k € v It has

th’
not yet been shown how the breakdown (1.29) affects the electric
field although O'Neil [1965] has calculated the long time limit

of 7 in the case that T << 1.

The second way in which the linearization of Vlasov's
equation can break down is through the presence of instabilities.
If the solution of D (k, p (k)) = O yields values of y < O, then
the electric fields grow, causing the eventual breakdown of the
perturbation series. There is at present no theory adequate to
treat strongly unstable initial conditions for the Vliasov equation.

What 1s needed, then is numerical data to illuminate the
range of applicability of the linearized solution to the Vliasov
equation for stable cases. Also it is desired to investigate
numerically some of the strongly unstable cases in order to gain
some insight into how an analytic theory for such cases might be

formulated. Such numerical calculations have been done previously

by Knorr [1963a, 1963b] and Kellogg [1965], and are used as a
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basis for this numerical study. The present numerical results are
obtained by quite different procedures but are in gualitative

agreement with Knorr's published data.

1.5 Summary of Predictions of Non-
Iinear Theories for Stable
Initial Conditions

The first theory we consider is that of 0'Neil [1965].
O'Neil observes that if the amplitude of E(l) does not change
appreciably in a time given by T = 2/E and if k is not too
small, then T can be shown to be the time after which (1.27) is
not valid in the vicinity of v = w(k)/k. Quantitatively expressed,
the requirement on t is that 1 &J(linear) << 1.

If the requirement %7 << 1 is met and k is not too small,
then O'Neil is able to show that y (asymptotic) = O. This pre-
diction is subject to test and is tested in the present work, the
results being discussed in Chapter V. The requirement
%, T << 1 is severely restrictive since it does not allow the
electric field to deviate significantly from its initial
amplitude. Many of the cases for which Knorr, as well as this
writer, observed changes in the damping decrement lie gquite

outside the range of applicability of O'Neil's results, because
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the electric field has damped through orders of magnitude before
deviations from linearity are observed.

A non-linear theory of somewhat wider applicability is due
to Gary, who makes use of the Landau solution
to compute the second order correction to the uniform part of the
distribution fé2) (v, tA) in an asymptotic limit. The fég) is
used to compute a corrected solution to the Landau denominator
for the w and y. In this paper we will compare a numerically
derived fég) (v, tA) with Gary's analytic prediction
(Figure 39) using initial conditions of the form

e-v2/2

£ (x, v, 0) = (L + € cos k x) . (1.30)
2n

In addition we will compare a numerical value of the v2

moment of the f§2> with the theoretical prediction as well as
the asymptotic values of ¥ (numerical versus analytic) for several

different values of k and € in initial conditions of the form

(1.30).
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1.6 Inhomogeneous Equilibria:
The Bernstein-Greene-Kruskal
Solutions

This section outlines a special class of equilibrium solu-
tions to the Vlasov equation [Bernstein, Greene, and Kruskal,
1957]. It is easily verified by substitution into eguation
(1.1) that any function, say g (€), where € = % me - e g (x),
is an equilibrium solution of the Vlasov equation. Only in the
trivial case where @ (x) = const would the dg/dx = O; otherwise
ag/ax % 0, and there exists a non-uniform charge density in the

equilibrium. The potential, § (x), is determined from the solution

of Poisson's equation,

@

2
aaxex) = -bnNje (1- [ dVg(%mvg- e p(x))-

-0

—~
|,_l
\N

o —_

Equation (1.29) can be rewritten as

2 3
3 B(x) oV
BXE o —Ségl (1.38)
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which is formally equivalent to the equation describing the
position, '@', of a hypothetical particle moving in an effective
potential, 'V(@)', as a function of time, 'x'. Equation (1.32)

has a first integral

N[+
—
%} Q
E
n

) + v (¢) = A, (1.33)

where A is some constant.

For the present work we are interested in the periodic,
@(x) = @(x+L), solutions of (1.32). Such periodic solutions
exist if V(@) has a relative minimum, or "well", and if the
total "energy", A, is less than the height of the "well"”. If
g () is not a monotonically decreasing function of energy, then
periodic solutions of (1.32) can be found.

Considerable analytical effort has been expended in the
investigation of inhomogeneous equilibria [Dawson, 1959; Montgomery,
1960; Krall and Rosenbluth, 1961; Low, 1961; Wilhelmsson, 1961;
Pearlstein, 1964]. In this paper we will present numerical
results which we believe indicate that such inhomogeneous

equilibria are approached as the asymptotic limit of a certain



class of strong electrostatic instabilities. These results are
presented in section 4.2 and are discussed in section 5.3 of this

paper and also in Armstrong and Montgomery [1966].

1.7 Quasi-Linear Theory

The formalism of Vedenov, Velikhov, and Sagdeev [1962]
and Drummond and Pines [1962], known as "guasi-linear" theory of
plasma oscillations, describes the development in time of weakly
unstable initial conditions. Although the numerical results
obtained in this study do not correspond to physical situations
in which the quasi-linear theory applies, we include a brief
outline of the theory for purposes of reference and then discuss
the reasons why the present results are not comparable with quasi-
lineaf predictions.

Bodner and Frieman [1963] give a short summary of quasi-
linear theory which we will follow closely here. The development

begins with the Fourier analyzed Vlasov equation,

of afk'

5 * ikv £ - = I B, =~ = 0 . (1.3k4)
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We assume E_ = O and rewrite (1.34) as

of of of
k . e o € ) : k' _
s "R - Ew ‘EE,Ek-k' w - °
(1.35)
where the prime on the sum means that the k' = O term is omitted.

Now for k # O we neglect the third term on the left hand side of

(1.35) and obtain

afk e afo
5 * ikvfk-aEk—av—=O,k7éO. (1.36)
Note that f_ = = £ (v, t).

For k = O we have

3f (v, t) df
o) e k
—— - = i E, 5= 0 - (1.37)

The reader is referred to Drummond and Pines [1962] for a dis-
cussion of the range of validity of the neglect of the "mode

coupling” term in (1.36). The next step in the procedure is to



21

using a WKB approximation for f, and E, .

solve (1.36) for f . .

k

Making use of the fk in Poisson's equation yields

(32, (v, ©)
2 dv

1 = 4:;; J oV , (1.38)
kv - W, - i Y

where C and 7, are the customary oscillation frequency and growth
rate, respectively. Equation (1.36) can be solved in the small k

approximation to give

w = ® (1.39)

2
and - I hme g . (1.40)

7 =

The remainder of the procedure, which we will not belabor here,
involves substituting the solution for f, from (1.36) into (1.37),
making use of the expression (l.hO) for Y observing that for a
weak instability 7k/wk << 1, and going over to the limit of

continuous k's. If one does all this, one obtains a diffusion-

like equation

St - ;5 Qv Qv ? - v
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for f_ (v, t) which leads, in the long time limit, to a flattening

of £ (v, t) around v = uk/k' The field in the plasma in the long

time 1limit has a spectrum of phase velocities peaked at wk/k'

The reasons why the numerical results in this study are

not comparable with the predictions of guasi-linear theory are:

1.

2.

We do not work in the k =+ O limit numerically.
We have at most k, 2k, 3k, discrete k's present in
the numerical problem, not a continuous k spectrum.

We must of necessity treat unstable initial conditions
in the numerical problem having y > 0.1 in order to
reach an "asymptotic" regime in a time during which we
can accurately compute the solutions.

The phase velocity of the growing waves is << thermal

velocity, rather than the opposite situation which is

specified for the guasi-linear thcory.
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IT. STATEMENT OF THE COMPUTATIONAL PROBLEM

2.1 Reduction of Equations to
Dimensionless Form: Per-
fectly Reflecting Boundaries

It is desired to study the dynamics of an electron plasma,
using the non-linear Vlasov equation. We will numerically inte-
grate the initial value problem in order to study non-linear
effects on both stable and unstable equilibria. The equations

governing a collisionless electron plasma are:

of, (X, v, t) . o, (X, v, t)
+ v
at 3%
- o (X, v, t
cE (x ,t) = (: s = 0 (2.1)
m av.
and
o E( t) = dmeN (1- | £ (% ¥, t)av),
a}—(’ (o] Yo e
(2.2)

where f_ (X, V, t) specifies the distribution function of electrons



2k

at position }—c), with velocity v, at time t. The plasma 1s
assumed to be macroscopically neutral with a "smeared-out"
immobile ion background of density NO.

Equations (2.1) and (2.2) properly describe the dynamics

of a plasma in the limit g = (N Lg)-l = 0
O

KT, 1/2
LD = ( — > ) = Debye Length
br N e
o
m Ve
Te = Electron Temperature =
K

and for time scales on the order of the reciprocal plasma fre-
2, \1/2 o .
quency (wp = (b NO e /m) ). The restriction of the time scale
is necessary for the assumption of immobile ions to remain wvalid.
We apply equations (2.1) and (2.2) to a plasma which is
assumed to be disturbed only in one dimension, and gc to the

one-dimensional distribution (vX - v):

f av, av, f, (X, ¥, t) = £ (x, v, t)

E(x, t) = E(x, t) = 1_E(x, t)



Then (2.1) and (2.2) become

of (X: v, t) " of _ el af
ot ox m QJv

3E

= - e N, (1 - I £ (x, v, t) dv)

-0
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(2.3)

(2.4)

It is convenient to introduce a set of dimensionless units

and also to use a distribution function f of unit average norm.

X = ; LD

v = v Vin

t = %/gp

E = kT E/el

Ven® % Ip

Vi T 06 t) = £ (X, ¥, t)

Equations (2.3) and (2.4) become

% %%
+
<2

%, 1%,
]

2
%, 1%,
1l
(@]

(2.5)
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1}
=
]

[ S

(X, v, t) av . (2.6)

& |6

Henceforth we will drop the ~, and all quantities will be ex-
pressed in the appropriate dimensionless units.

It is also desirable to use a finite representation of the
unbounded plasma. Montgomery and Gorman [1962] show that for
small perturbations about a stable equilibrium, the dynamics of
a plasma confined by perfectly reflecting boundaries are the

same as for an unbounded plasma, provided the following conditions

are satisfied:

f (0, v, t) = £ (0, -v, t)
£ (L, v, t) = £ (L, -v, t)
E (O) t) = E (L: t) = 0, (2'7)

where x = O and x = L are assumed perfectly reflecting boundaries

as illustrated in Figure 1. By specifying initially that

f (X) Vs O) = f ('X: -V, O))

- L <x <L, (2.8)
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Montgomery and Gorman show that equations (2.7) are satisfied
and that no initial perturbations are excluded from such
solutions. It may also be shown that (2.7) and (2.8) imply the
relations

f (X: v, t) f ("X) =V, t)

E (x, t) -E (-x, t). (2.9)
Equations (2.9) have also been shown to hold in the non-linear
case as well by Gartenhaus [1963].

We now expand f (x, v, t) and E (x, t) in a Fourier series

of period 2L as

«© .
£ (x, v, t) = 3§ e £ (v, 1) (2.10)
== @ n
E(x, t) = 5 e E_(t) (2.11)
N==co
1 L -inkx
where f (v, t) = 3= I e f(x, v, t) dx . (2.12)
1 L ik
E (8) = = [ & B (xt) ax (2.13)
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an
k = -2—L . (2 'lu)

Because f (x, v, t) and E (x, t) are real, we must have
N .
£, (v, t) = £ (v, t) (2.15)
*
E (¢) = E_ (t) . (2.16)

-1

Substituting (2.10) and (2.11) into (2.5) and (2.6), we obtain

the following set of equations:

afn © afq
s + ink v ) (v, t) - Z Biq 3 0 (2.17)
T O
<«
i = - (2.3 [oRY
ink En = 6n)o ‘Lo fn (v, t) av \2-10)
n=O,il,i2,_—t5,
From the symmetry relations (2.9) we have
E (t) = - E_, (t) (2.19)

£ (v, t) = f__ (-v, t) . (2.20)
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We will also need the expressions for the field potential energy

and particle kinetic energy in order to verify energy conserva-

tion in the numerical calculations.

and

Wb (particle kinetic)

L ® V2
IL f = f (x, v, t) av
- -0

o 2
v
2L J 5 fo(v, 1) dv

i B
Wy (field) j 7 dx

And, of course,

2.2

Expansion in Hermite Polynomials,

In dimensionless units

the Gram-Charlier Series

(2.21)

(2.22)

(2.23)

Several methods of numerically integrating the system

(2.5) and (2.6) in x,v variables were tried and found to be
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unsatisfactory due to poor conservation of charge and energy.
Also the criterion for numerical stability of thev"direct" X,V
methods requires that At be very small if the velocity grid is
taken fine enough to represent the Backus-type velocity space
wrinkles. Kellogg [1965] discusses such a "direct" method. What
is desired is a representation of f (x, v, t) which could be
numerically integrated accurately for a time long enocugh to see
the physical effects of interest and still to retain the effect
of the Backus terms.

It was decided that for this purpose an expansion of

® 2
rvnt) =z /2 (v (v) (2.24)
would be useful, where
(-1)™ v2/2 & ge-v2/2)
T e VA 1 (&)

is the ortho-normal set of Hermite polynomials [Jackson, 1961].
An expansion similar to (2.24) was used by Engelmann et al.
[1963], in a theoretical calculation of non-linear effects. The

coefficients Z (t) can be complex, but our restrictions on
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the symmetry of f (x, v, t) will require that Z. (t) be either
purely real or purely imaginary. The rigorous mathematical
question of the convergence of the representation (2.24) will
not be discussed here other thag to say that fn (v, t) must go
to zero at least as fast as eV /2 for large values of v, in
order that (2.24) be valid.

Now using equations (2.15) and (2.20) we obtain
*
£ (v, t) = £ (-v, t) (2.26)

which implies that

m _¥
Zn (8) = (17 7, (8) (2.27)
or
Re 2 (t) = 0, m=1, 3, 5, 7, (2.28)
Im Z (¢) = 0, m=0, 2, b, ... ., (2.29)

Substituting the expansion (2.24) into (2.18) and (2.17), we

obtain
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. 1/l
i (em)
nk Re Zg, (t)

n#0 (2.30)

5, (t)

]
O

B, (¢)

and

i(2ﬂ)l/l+ Voo 2 %ng
k z “n- Zm-l =0
4m-o q q
n#q
m = 1, 2, ;n=0+1, +2,
Zog (t) + ink Zy, = 0
n = 0, +1, +2, ... (2.31)

by making use of the orthogonality properties and recursion rela-

tions for Hermite polynomials which are

a0 - vn - G, O
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and

vh o) = @DYn @) e @Y L ).
We have now succeeded in reducing the original differentio-
integro system (2.17) and (2.18) into a set of first order, non-
linear, coupled differential equations which are convenient for
numerical integration.
Equations (2.31) do not, unfortunately, form a closed
system in either m or n if we choose, as we must, to integrate
a finite number of such equations. Suppose one chooses to
integrate the equations for m =0, 1, 2, ..., My n =0, 1,
2, ... N. Then the expression for 2Mn’ n=0,1 2 ... N depends
on Zy.. n(t), n =0, 1, 2 ... which are unknown. The Z, .

enters equations (2.31) in such a way that it ma

v be neglected

only if

t
| % ' «<1 . (2.32)

Tt will be shown in the next section that inequality (2.32) is

valid only for t < in the free streaming problem, and in

nk
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the plasma case the numerical calculations show that the time for

Vo

(2.32) to be satisfied is also t < —

In order to maintain

an accurate solution for t > , we must either obtain a

n k
good approximation to ZM+l n (t) or else find some other way to
simulate, as far as the numerical solution for the first few

Z . (t)'s is concerned, the infinite set of all Z . (t)'s. Such

a method of simulation is described in section 3.2.

2.3 The "Free-Streaming" Problem

The equation

of

of
x Vo= -9 (2.33)

which is obtained from (1.1) by setting the electronic charge
e = 0, corresponds to a freely streaming gas of neutral
particles. This equation has a simple analytic solution in
terms of the initial values, namely

£ (x, v, t) = £ (x -vt, v, 0). (2.34)

Although the solution of (2.33) is much simpler than for the plasma
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case (l.l), equation (2.33) exhibits all of the properties which
make the Vlasov equation difficult to treat numerically. As can
be seen from (2.34), the solutions of (2.33) contain terms

whose velocity derivatives grow proportionately to t, producing
a rippling of the distribution function in velocity space.

This fact has been observed by both Knorr [1963a] and Kellogg
[1965]. The rippling in velocity space makes the distribution
function very difficult to represent accurately on an x,v grid,
hence the "direct" methods of integrating (2.33) are limited to
times for which the finite grid spacing is less than the wave-
length of the ripples in velocity space.

The Fourier analyzed equation (2.33) is

Bfn
X + ink v fn = 0 (2_55)

where all Fourier modes are decoupled. Using the expansion (2.24),
we obtain

dz . (t)

dt

+ ik (Vmz o (6) +V w1 g (1)

= 0 (2.36)
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for the free streaming problem. If the initial f (v, 0) is a

Maxwellian,
. e-v2/2
£, (v, 0) = ————
* 2\ om
£ (v, 0) = 0 n#+1, (2.37)

then it may easily be verified by substitution that the solution

of (2.36) for Z 1 (t) is

Il
+
|

7 ()

m=0, 1, 2,

By () £l (2.38)

i
O
B

S

+

[

The solutions Z . (t) of the free streaming problem have similar
characteristics to the solutions of the plasma problem; hence we
will examine the solutions (2.38) in detail. First we notice that
the mth coefficient attains its maximum value at a time t = — .
All coefficients approach zero for large t; however, the largest

coefficient in the representation of fl (v, t) occurs at larger

and larger values of m as time advances. The representation of
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£, (v, t) in the Gram-Charlier series does remain convergent,
although more and more terms are reguired to represent
£, (v, t) accurately as t increases.

It is necessary, therefore, in numerically solving the

set of M + 1 equations (2.36) to use an estimated value of

Vou

Zur1 l(t) in computing Z, l(t) as t - ——— . Since it is mainly

them = 0, 1, 2 coefficients of the solutiors of (2.36) which

are of interest, it is possible tc maintain accurate solutions

Vo

form = O, 1, 2 by beginning at t = - to solve for one less

coefficient at each time step. Practically speaking, this allows

them = 0, 1, 2 coefficients to be obtained as accurately as if
the entire infinite set of equations (2.36) were being solved.

Thus, the total time in this representation for which accurate

Vo

k

numerical solutions can be maintained is t = + (M- 2) At
where M and At can be chosen so that solutions can be obtained

for a period sufficiently long to see the physical effects of
interest. By "accurate solution" in this context, it is meant

that the errors in the solution are composed only of the truncation
errors in the algorithm and the round-off errors which accumulate

proportionately to the square root of the number of iterations of

the solution.
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A graphical comparison of the numerical and analytic solu-
tions of the free-streaming problem is shown in Figure 2. The
algorithm and the details of the numerical solution will be dis-

cussed fully in Chapter III.

2.4 Linear System

All of the formulae which were used in the integration of
the Vlasov equation will now be fully tabulated so that it will be
completely clear which terms have been included in each version of
the solutions presented in Chapter IV. We begin here with the
simplest, linear version, which was integrated as a test. The
linear system is obtained by keeping the following parts of (2.17)

and neglecting all the rest

of af
1 0 _
—gg— + ik v fl - El T = 0
ik B = - f £ (v, t) dv
-0
af
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Equations (2.39) lead to the expressions

z () + 1k ( w/—Efzm_l LtV )
i (211)1/LL Vo .
K

01 %10 = ©

0,1, 2, ... M

2
!

z () = 0 (2.10)

for the time derivatives of the %ﬂl (t)'s.

If we let

Zo, = &t i M (2.41)

where gmn, ﬂmn are both real, we obtain for the real and imaginary

parts

éml(t) -k (Vom0 Vil o,) = 0 (2.42)

ﬁml(t) + k ( \/-ngm_l 1t V m+l §m+; l)

+ (2n)l/u V. m
k

% 1%-10 = O (2.43)
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In (2.42) and (2.43) we have made use of the fact that My o = ©-
In the numerical integration, equations (2.42) and (2.43) were

solved, using Gill's method as discussed in Chapter III.

2.5 Quasi-Quasi Linear System

The next degree of complication from the linear solution
to the Vliasov equation is obtained by letting only the uniform
part of the distribution function change. This procedure is not
exactly the same as that of Drummond and Pines [1962], but is
similar.

A numerical integration of the "quasi" linear Vlasov
equation was performed in order to further the understanding of

the damping process. We now include for reference the relevant

equations:
—g——— *+ i kv f (v, t) - E (t) ——— = 0
(2.44)
df . (v, t) df df
0 1 1
5 * B o hw - O (2:49)
ikE = - £, (v, t) av . ‘ (2.46)
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And in terms of the expansion coefficients Zn (t), we have the
same two equations, (2.42) and (2.43), as in the linear system

plus the eguations

0 (2.47)

N o (t)

: 1/
fno ) ) ﬁgﬂ%‘“’ (28 1 Moy 1) (2.48)

for the time variation of the uniform part of the distribution

function.

2.6 Second Order System

The extension to second order is accomplished by keeping
the terms in (2.17) which would be of order eu in a perturbation
expansion of the distribution function. The second order system

is

of

0 Pe) * 3 *
5 * E, = (fl - fl) + By 55 (f2 - f2) = 0 (2.49)
oy o o, of
ST tik v £y (v, t) - B T tEhs B =0

(2.50)
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of, ofy ofy
3 * ik vi, (v; 8) - By 57 - B 5 = O

(2.51)

and the corresponding Poisson equations for El and E2. The
equation for afg/at contains an O (eu) term which has been
neglected, namely E_l afB/av, which is assumed to have a negligible
effect on the solution for El’ since it can only influence the
afl/at in O (65). Furthermore, it will be shown numerically in
section 3.3 that dropping the Lth order term in (2.49) has a
negligible effect on the solution for fl'

In terms of the Z (t)'s, equations (2.49-2.51) become

/4 *
ol®) R gOl(t){\/——(mll ) - 1(t))}

N
S LEMT e () {\/’m“(z o(t) - 2(t))} = 0
(2.52)

i (2n)l/” \/—x;
k

"+

l(t)+1‘.1‘:(\/mzm_ll»f\/m+1z

+1 l)

1 ¥
{ €1 Zn1 0~ %01 Zu12t 3 Soe Fuea 1}' = 0 (2.53)
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. /4 N[
img(t) +21ik( Mf_;-zm_l LF NS Z, 1) * i (2ﬂ)k m

. EQE z + E . Z = 0 (2.54)
2 m-1 O 01 "m-11 ?
where gmn = Re Zmn .

2.7 Third Order System

The extension to third order of (2.17) consists of retain-

5

ing terms to order €” as follows:

afo 2 Bfg

—_ - _ = 2.

= gf_g E, 3 0 (2.55)

Bfl 3 Bfg

BT + ik v fl - El—g ’aT‘ = 0 (2'56)
g=-2

af2 3 Bfg

e + 21ik v f2 - il-l Eg-g > = O (2-57)

Bf5 3 Bfg 8

5 + 3ik v f5 -z E5—g 3 0 (2.58)
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o9 and EB' We

have neglected of necessity a term E_, afu/av in equation (2.58)

and the corresponding Poisson eyuations for El’ E

which is of the same order as some of the terms retained, but the
error made is presumably of O (65) . The representation of
equations (2.55) to (2.58) in terms of Zn (t)'s is a trivial
extension of the formulae (2.52-2.54) and will not be included

here.

2.8 Development of Initial Conditions

2.8.1 Stable Cases

For the stable cases the initial conditions were taken to

be of the form

2
oV /2

Voen

f (x, v, 0) (1 + € cos k x) . (2.59)

The values of k and € were chosen so that the damping could be
easily seen and the non-linearities could be studied using only

2 or 3 harmonics.
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2.8.2 Unstable Cases

It is well-known that certain initial distributions are
unstable and small initial electrostatic perturbations grow
instead of damp. It was shown by Penrose [1960] that a sufficient
condition for the initial distribution f_ (v) to be unstable to

growth of waves of some wavenumber k is

> £ (v) - £ (5)]
(v - §)°

dv. > O, (2.60)

-0

where fé(g) = 0;

f'o‘(g) >0 .

There must exist a relative minimum in fo(v). If (2.60) is
satisfied, then there must exist at least one pi(k) for which
D (k, 5, (K) = O
and
Re pi(k) > 0.

We now choose an fo(v), subject to the requirements that

2
£ - /2 v
and

fo(v) fo(-v)
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which is also unstable. Such an f_ (v) is

(v2 + b) e_vg/2

Vo2 (1+b)

fo(v) = (2.61)
which is unstable according to (2.60) if b < 1. Rather than
compute the Landau dispersion relation for this fo(v), the
stability of the distribution for various k's was checked
numerically by integrating for a few plasma periods using the

initial condition,

2
£l v, 0) = — P oskx), (2.62)

\V 2m (1 + b)

and observing either growth or damping, depénding upon the value
of k.
The considerations which dictated the choice of the k, b

were as follows:

1. The growth rate should be large enough so that the
limiting amplitude could be obtained at t < 20.

2. € was chosen small encugh to allow for growth.

3. k was chosen so that only k, and not harmonics of it,

were unstable wave numbers.



A typical parameter set which satisfies 1, 2, and 3 is k = 0.5,
€ = 0.01, and b = 0. The results of the numerical calculations

for several unstable cases are discussed in section 4.3.

b7



ITI. NUMERICAL ALGORITHM

3.1 Gill's Method

‘A specialization of the Runge-Kutta method due to Gill
[1951] was used to solve the set of coupled, first order, non-
linear differential eguations for the set of Zmn(t) which repre-
sent the £ (x, v, t). For the time development of the Z o we

have a set of equations of the general form

a Zmn(t)
—— = G (65 Zo(8), 2 (8) +.v B (8)
ZMO’ ZMN ) (31)
m = 0,1, ... M
n = 0,1, ... N

(see equation 2.31).

The dependence of Gmn on many of the Zmn's is trivial, but the
method to be used is quite independent of the way the Zmn's

enter the G- We will write for a shorter notation,

L8



(_iés_rl = 6_ (¢t {zmn} ), (3.2)

where {Z } is taken to represent the entire set of Z 's.

mn mn
We will now quote the algorithm for Gill's method without
going into detail about its derivation.

Let Z (j) represent the value of Z _ at the jth time
mn mn

step. The
Z (©)
m = 0, 1, 2, ... M
n = 0, 1,2, ... N

are given initially. We compute

g g

1]

%

[op]

-
—

BN

g

<
e

o
1l
NO
+
'_J
~
N
5 H

(3.3)
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=
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P
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+
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s
—

k9



7o - zgn+ («1/2 + V 1/2) Kfr'm + (- Ve Kfm

3 At 2
L AtGmn(t+ > {zmn})

0 5 2 N

A A 1/2 K2+ (1 + 1/2) K
L o3

K = MG (t+At,{Z})

zu = zl?m+l/6 (1<:im+2(1-\/1/2)1{51;rl

2 (1 + 1/2) K:m + KIL;n)

+

Now z (1) = Zu and let
mn mn
0 .
Z Z (1) and iterate.
mn mn

The truncation error term for this algorithm is of order

(86)” 2 (%) -

50
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3.2 Numerical Integration Procedure

The major difficulty encountered in the numerical integra-
tion was with the m = M boundary of the matrix in the m or velocity
space direction. As we noted in sections 2.2 and 2.5, the solutions
of the free streaming equation have the property in the Zmn(t)
representation that although a Maxwellian distribution is repre-
sented by only the Zon coefficient, the solution must spread
out into the rest of the matrix in the m-direction as time
advances. The solution toc the Vlasov equation is similar in
having the property of spreading out as time increases. At
first, various schemes were tried in an attempt to estimate the
value of the M + 1 coefficient in a small matrix (typically
M = 80). No such procedure was found to be satisfactory.

The spreading out of the solution is a real effect which
is due to the presence of terms in f (v, t) which have velocity
dependence e_iKVt. It was then decided that a very large
number of coefficients were really necessary to represent
f (x, v, t) for a few tens of plasma periods. The matrix
Zmn(t) was then expanded to approximately 1200 coefficients in the

m-direction, as large a number of feasible to compute on the hard-

ware available. A series of computer programs was written in
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Fortran for use on the I.B.M. 7Ok at the University of Iowa
computer center. A sample of one of these programs is included
in Appendix I.

The solution of the set of equations for the Zmn(t)'s
was extended to times greater than the time necessary for the
coefficients at the boundary, m = M, to attain their maximum

value by simply dropping off one coefficient at each time step.

This allowed a solution for the first few coefficients which
was the same as if the entire infinite set of Zmn(t)'s was
being computed. This procedure was suggested to us by

Dr. Hubbard to whom we are indebted.

It should be emphasized here that the solutions of the non-
linear Vlasov equation presented in this paper include the
Backus-type eikVt terms. This is a major difference between
the present work and the work of Knorr [1963a, b]. By solving the
"free-streaming" problem for the initial conditions (2.37) using
Knorr's continuous Fourier transformation in velocity, it can be
seen that the maxima of the transformed representation of
f (x, v, t) eventually migrate out of the finite range of the
velocity transform variable. Knorr asserts that by the time the

elkvt produced terms move out of the range of the transform
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variable that their effect on the momentsbof f (x, v, t) is
negligible. The results of the present study seem to agree with
Knorr's assertion. Nonetheless it has proved to be possible to
compute the solutions to the non-linear Vlasov equation including
the effects of these eikaC terms.

The choice of the number of the Fourier wave numbers to
keep is determined by the requirement that if N harmonics are
retained, then keeping N + 1 harmonics should not change the
n = 0, 1 solutions appreciably. This procedure was followed in

the numerical calculations and is described in section 3.3.

3.3 Checks of the Accuracy of
the Numerical Results

In order to interpret physically the results of the
numerical integration of the Vlasov initial value problem it is
necessary to know how accurately the numerical solution traces
out the true solution. The true solution to the non-linear
Vlasov equation is not analytically obtainable which is, of course,
the reason for attempting this numerical solution. It is
possible, however, to learn a considerable amount about the
accuracy of the numerical solution by numerically integrating
problems which are similar to the non-linear Vlasov equation but

for which the analytic solutions are known.
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One problem similar to the Vlasov problem is that of a
freely streaming gas as discussed in section 2.5. The explicit
solution is Just

f(x, v, t) = £ (x - vt, v, 0)

in terms of the initial distribution function

e--v2/2
f(x, v, 0) = —=—= (1 + € cos k x)
V on
e-V2/2
f(x, v, t) = (1 + € cos k (x - vt)).

il

For this particular initial condition the analytic solution is
given by equation (2.38). A graphical comparison of the
numerical solution for At = 0.01 and the analytic solution is
shown in Figure 2. The most important errors are apparently due
to the 8 digit arithmetic of the 7044 and not the truncation
error of Gill's algorithm which, in this case, would be of order

10719 « 2 (£) (at worst 10710

x Z (t)). It is clear from
mn
Figure 1 that the solutions agree well for more than 7 orders of

magnitude. In Table 1 we have tabulated the results of another
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run of the free-streaming case with a At ; 0.025 for comparison.
Fortunately in the plasma case for intermediate values of Kk,

the solutions Zmn(t) do not fall so rapidly and can be followed
accurately for a longer time than the streaming solutions. For
values of k larger than 1.0, it would clearly be necessary even
in the plasma case to use more digits of accuracy than 8 in
order to observe the solutions even for a few tens of plasma
periods.

A second initial value problem which was run as a test of
the accuracy of the integration scheme was the purely linear
system as described in section 2.4. In this system one expects
a strictly exponentially damped electric field to appear after the
effects of the initial value terms become negligible. As can be
seen in Figure 3, the linear system does damp expcnentially.

This exponential damping persists through the times when the non-
linear cases will later be seen to deviate from strict exponential
damping, which indicates that the variations in damping rate in
the non-linear cases are due to the presence of non-linear terms
rather than failure of the numerical solution to represent the

true solution.
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Mother check of the accuracy of the numerical program 1s
accomplished by numerically integrating the same initial condi-
tions using different values of the time increment At. The
values of the coefficient ZOl(t) in the solution of k = 0.5,
€ = 0.1 initial conditions are given in Table 2. At t = 25
for example, the effect of changing At from 0.0125 to 0.025 was

to change the value of Z

o1 BY 0.0032%.

Still another estimate of the reliability of the solutions
may be extracted from the constancy of the total energy for the
plasma slab under numerical integration. Table 3 gives such an
estimate. The change of total energy in this case (e = 0.1,

k = 0.5) was about 0.01% of the initial energy in the electric
field.

A further test of the sensitivity of the solutions to the
presence of high order terms in the Fourier harmonics was performed
by running the second order system with and without the term
E, 3/dv (f2 - f;) in the expression for afo/at (v, t). The
results are shown in Table 4 from which it may be seen that, for

example, at t = 35 the value of Z,. was changed less than 1% by

01

the omission of the ch order term.
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After considering the numerical accuracy of the integra-
tion of a given second or third order system there is the yuestion
of how well the Fourier harmonics retained represent the entire
solution to the non-linear Vlasov equation. Since we are particularly
interested in the validity of the results for the n = 1 Fourier

mode, we will check the effect of neglecting high order harmonics

on the value of ZOl' Table 5 displays a comparison of the values
obtained for ZOl’ and 202 in a second and third order system.
The deviation at t = 15 for Z,, was 0.86%. The Zoyo's

have different values in the table because the phase of 202 is
slightly changed by going to the third order. Nevertheless,
the agreement of the ZOl's indicates that the second order
system is satisfactory in this case (e = 0.25) and presumably
for all smaller values of e€. The fact that the second and the

third order solutions are in close agreement indicates that the

Fourier expansion is rapidly convergent.
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Iv. SUMMARY OF NUMERICAL RESULTS

This chapter is intended to be an objective summary of
the numerical results obtained by integrating the initial value
problem for various initial conditions. Comments on the sclutions
will be made only as they are necessary to the proper understand-
ing of the data presented. Chapter V contains our assessment of
the significance of the data. Because we realize that there may
be other interpretations given to the data, we attempt to present
the numerical data in a form separated from our interpretation of
it.

L.1 Summary of Results: Stable
Initial Conditions

In all of the cases toc be described in this section the
form of the initial conditions is the same, namely
e-v2/2
f(x, v, 0) = —— (1 + € cos k x) . (k.1)
\/ em
When expressed in terms of the expansion coefficients Zmn’

the initial conditions (4.1) become



ANE) = (4.2)

i
—~~
)
2
Q

and
€
where all of the remaining

0, 1, ... M
0, +2, +3, ... zN.

Zmn(O) = 0 m

f

The numerical solution consists of using a set of dynamical
equations for the imn(t) as described in sections 2.2 to 2.7 to
advance the initial conditions (4.2) and (4.3) using Gill's
algorithm (section 3.1) as the finite difference scheme. The
quantities of primary interest in the numerical solution are the
Fourier components of the electric field, which are related to

1
the Zmn s by

. l |
B,(8) = Lﬁi—rol/— Zon (t) - (. 4)
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In the presentation of the numerical data; the ZOn(t) will be
used, since the Zon(t) is the number actually computed in the
solution and En(t) is easily derived from it. We will now discuss
briefly each case which was computed, as listed in Table 6,
beginning with the k = 0.5 cases in order of increasing epsilon,
i.e., increasing non-linearity. Following the k = 0.5 cases we
discuss several k = 1.0, 0.375, and 0.35 cases which were run in
order to verify that the results for k = 0.5 were not peculiar.

An additional reason for the choice of initial conditions
of the form given in (4.1) is that it is one of the very few for
which numerical integration of Vlasov's equation has been
attempted [Knorr, 1963a, b]. Agreement between the results from
two very different integration schemes would both increase
confidence in Knorr's results and in the new situations to be
reported later in this work.

Beginning with Case I (k = 0.5, € = 0.025), we observe in
Figure 4 that ZOl(t) has the form of an exponentially damped
plasma oscillation until t = 30 when the effective damping
decrement begins to decrease. The effective damping decrement
for the fundamental wavenumber has been computed from the ratio
of adjacent electric field maxima and plotted for Case Iin

Figure 5.



The damping decrement curve has the characteristic form

of following the linear value for some time, in this case until

~

t = 30, and then falling below the linear value. There is a

slight "leveling-off" of the damping decrement curve at about
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t = 50 to 55. The last several points on this curve are uncertain

to perhaps 10%; hence conclusions regarding an asymptotic value
of ¥ for this case are uncertain.

Figure 6 shows the results of numerically integrating
Case IT (k = 0.5, € = 0.04) which is similar to, but not
identical with, Knorr's Case III (k = 0.5, € = 0.05). The
present numerical results agree well with those of Knorr.
The behavior of ZOl in Case II follows the linear prediction
until t = 26 when the damping decrement falls below the linear

~

value. At t = 42 the damping decrement curve "levels-off" at

.08, as can be seen in Figur

~ ~
= {

(¢}

4

In order to illuminate the cause of the changes in the
damping decrement and to show graphically the effect of Landau
damping on the spatially uniform part of the distribution
function, we reconstructed f (v, t) by summing all of the

significant terms in the series representation:
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h (v) 2 (%) - (4.5)

This summation was performed for 500 velocity points at several
different times for Cases II, III, IV, and V, in order that the
effect, on f_ (v, t), increasingly non-linear initial conditions

would be evident. Another function, fgg) (v, t), defined by
(2)
fo (v, t) = fO (v, t) - fO (v, 0),

was computed in order to show the fine detail of the corrections
to the uniform part of the distribution produced by the non-linear
term;. As a point of reference in all the fo (v, t) and |
f§2) (v, t) curves (cf. Figures 8a, b; 9a, b; 12a, b; 13a, b;
ika, b; 17a, b; 18a, b; 19a, b) which are displayed, the linear
phase velocity v = ui/k is indicated on the velocity axis. The
non-linear corrections to @ will, in some cases, significantly
change the phase velocity; however, for purposes of reference, the
linear phase velocity seems adequate.

Figures 8a and 8b show the fég) (v, 20) and £ (v, 20),

respectively, for Case II. It can be seen that for this case

the function fég) (v, 20) has a sharp decrease slightly below
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v = ui/k and a sharp increase slightly abéve v o= wL/k. In
addition fég) (v, 20) has velocity space ripples which are clearly
seen for v < ui/k' The period of the ripples in velocity is very
close to 2m/kt, the value one expects from MV ppe effect of
fég) (v, 20) on the entire distribution function f_ (v, 20) is to
cause a slight flattening, or decrease of df (v, 20)/3dv, in the
neighborhood of v = wL/k.

Figures 9a and 9b show the fé2> (v, 35) and £ (v, 35)
for Case IIL. Again the e_iKVt wrinkles are present but smaller in
amplitude. The negative and positive peaks in the neighborhood
of v = wL/k are larger and sharper at t = 35 than at t = 20.
The entire distribution function is flattened even more around
v = ui/k for t = 35 than for t = 20.

Figure 10 shows the next situation which was integrated,
Case IT (k = 0.5, € = 0.1). This case has exactly the same
initial conditions as Knorr's Case IV, shown in his Figure 3d
[Knorr, 1963b]. The results of Knorr's Case IV and our
Case III agree to the precision with which they may be compared,
using numbers extracted from Knorr's published graph. There is

one exception, however, in that we do not see the regrowth and

subsequent peaking of the second harmonic around t = 45 which
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Knorr does. The plot of y versus time (Figure 11) shows that the
damping decrement deviates from the linear rate beyond t = 7.5.

After t 7.5 the damping rate is larger than the linear rate

"

until t

il

17.5 when the decrement decreases and then reaches a
"plateau" of y = 0.048 at t >26. Figures 12a and 12b show the
fég) (v, 10) and £ (v, 10) for Case III. The velocity wrinkles
are comparatively large and the "notch" around wL/k is not yet
well developed. Some flattening of f_ (v,10) is evident in
Figure 12b. At t = 20, as shown in Figure 13b, f_ (v, 20)
appears more flattened around mL/k. Figure 13%a shows that the
ripples in fég) (v, 20) of period 2m/kt are smaller in amplitude
for t = 20 than for t = 10. Finally, at t = 30 (Figures 1lha
and 14b) the derivative of £, (v, 30) has gone almost to zero
around wL/k and the amplitude of the "notch" in fég) (v, 30)
around wL/k is still increasing. The e_ikVt terms are still
present at t = 30 but have smaller amplitude than at t = 20.

Another point to observe about fo (v, t) is that the region

slightly above v = ui/k has been enhanced, not only from the

region slightly below v = wy/k but also for all v < ar/k.

The next case we consider is Case IV (k = 0.5, € = 0.25),

as shown in Figure 15. Many of the characteristics of this case
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are similar to Case III and are evident in the figures, and only
the peculiar features will be discussed. The most obvious way
in which the € = 0.25 case is different from}the € = 0.1 case is
that for € = 0.25 the second harmonic starts growing when the
damping in the first harmonic has ceased at about t = 15. The 7
versus t plot (Figure 16) for this case shows that the y never
attains the linear value and even fluctuates negative and
positive beyond t = 25. A very interesting effect in Case IV
is seen in f_ (v, t) shown in Figures 17a, b; 18a, b; and
19a, b. At t =5, f_ (v, 5) is merely enhanced at large
velocities, but by t = 10, fO (v, 10) has become very flattened
in the neighborhood of w/k. At t = 15, however, the f (v, 15)
has developed a peak at v Z 3 and is no longer moncotonically
decreasing, which allows the possibility of unstable roots to
the Landau denominator for this distribution. The growth of
E2 after t = 15 may be due to such an unstable root.

In order to check the validity of the second order solution
for k = 0.5, € = 0.25, these same initial conditions were run in a
third order system (Case V) shown in Figure 20. The behavior of
the first two harmonics is almost the same in the third order

system as in the second order system. The value of ZOl’ for

example, was changed about 2% at t = 17 (a maximum).
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In Figures 21 and 22 we show the results obtained for a
very large amplitude case (Case VI, k = .5, € = O.4). It is
clear in this case that the damping is not simply exponential
as may be judged from the y vs t graph. Damping ceases guite
soon (t < 10), and regrowth of E, (t) starts at t ~ 10. This
case is clearly dominated by the initial conditions.

In order to check that the form of the results obtained in
the preceding cases was not peculiar to the value k = 0.5, we ran
cases for several other values of k, namely k = 1.0, 0.375, and
0.35. The first of these, Case VII (k = 1.0, ¢ = .1), is shown in
Figure 23. The electric field in this case 1s exponentially
damped in accordance with the linear theory for as long as we
can follow it. Case VIII (k = 1.0, € = 0.2) deviates from the
linear result for t ~ 5 to 10, as shown in Figure 24. The
amplitude of El falls below the linear value and damps to too
small a value too soon to determine an asymptotic rate of damping.
The curve of y vs t for Case VIII is included for reference in
Figure 25.

Case IX is shown in Figure 26. This case is identical
to Knorr's Case VI, i.e., k = 0.575, € = 0.05. During the time

we followed the solution, there was no deviation from the linear
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prediction. For k = 0.35, € = 0.175, Case X, however, we observed
a marked decrease in the damping decrement at = 12. The
coefficients ZOl’ 202 for Case X are plotted in Figure 27, and the
y versus t curve 1s given in Figure 28.

Upon examination of the preceding non-linear cases which
were run,it became evident that the changes in damping rate were
associated with changes in the uniform part, f_ (v, t), of the
distribution function. As a further test of this hypothesis, a
case herein called "quasi" was run. The "quasi" system is
described in section 2.5. Figure 29 shows the result of calcula-
tions on the "quasi" system for k = 0.5, € = .01. The amplitude
of the first harmonic in "quasi" follows closely that in the full
second order calculation until t 2 25 where "guasi" is slightly
above "second". The change in the damping decrement is still
present in the "quasi' system as evidenced in Figure 50 where
y versus t is plotted for "quasi". 1In order to facilitate
comparison of the results of "quasi" with the results of linear
and second order systems, Figure 31 is included to show the

Zoy (t) for the initial conditions k = 0.5, € = 0.1 in each of

the systems.
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As a final summary graph on the results of integrating
stable cases, Figure 32 is included. Figure 32 shows the envelope
of Zy (t) for k = 0.5, € = 0.0k, 0.1, 0.25, thereby illustrating
in a convenient form the effect on El (t) of the non-linearity

introduced by increasing € while keeping k constant.

L.2 Numerical Results for Unstable
Initial Conditions

Several sets of strongly unstable initial conditions of the
form given in (2.62) were integrated in order to determine, if
possible, the asymptotic form of the solutions for the electric
fields. The major difficulty encountered in numerically
integrating the unstable cases was in finding initial conditions
for which the growth rate was large enough to produce a limiting
amplitude in 20 to 30 plasma periods, and also for which the first
two Fourier harmonics represent the solution accurately. It was
desired that the fundamental k be unstable but that the 2k wave-
number in the solution not be unstable; therefore, several pre-
liminary runs were made to find suitable initial conditions to
use.

The first unstable case which was computed, Case XII, was

for b = 0, k = 0.5, € = 0.01L. The results for Case XII are shown
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~

in Figure 35. After t = 5 the solutions for El and E2 were

observed to grow exponentially with growth rates of
7 = -0.245 and 75 = 271. The growth of the 2k wave was
interpreted to be simply the feeding of energy from the k wave
into the 2k wave through the El afl/BV term, because a perturba-
tion with wave number 2k only was found in a preliminary test to
exhibit no growth for these initial conditions. The growth of El

ceased at t = 24, after which E, underwent a long period fluctua-

1

tion in magnitude (but not sign) until the integration was

stopped at t = 60. E on the other hand, stopped growing at

2)
around t = 21 and then underwent several changes of sign between
t =21 and t = 60. The second harmonic was always smaller in

magnitude than the first by at least a factor of 2 and usually more.

Note here that the solutions Z., and Z., must be multiplied by

0l 02
i 5211)1/)+ 4 i §2ﬂzl/u
K an 2%’

respectively, to correspond to El and E2.

The féE) (v, t) and f (v, t) for Case XII are shown in
Figures 34a and 34b for t = 10; Figures 35a and 35b for t = 20; and

Figures 36a and 36b for t = 30. The most obvious effect to be seen

in Figures 34-36 is the filling in of the "hole" near the minimum

(v = 0) of £ (v, t) as time advances.
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A third order calculation, Case XIII, was performed on the
same set (ko = 0.5, € = 0.01, b = 0) of initial conditions in
order to determine how well the second order system represented
the full solution to the non-linear Vlasov equation in this
case. As can be seen by comparing Figures 33 and 37, the solutions
for the first and second harmonic are substantially the same in
the second and third order versions of the unstable (k = 0.5,

€ = 0.01, b = 0) case. The initial growth rate of Eg is

e

3y

1 and E5 ceased growing at t = 18.

A run was attempted using the initial conditions b = O,
k = 0.4, € = 0.01. The growth rate y was nearly equal to that
for k = 0.5; however, the second harmonic soon grew to a value as
large as the first, and this case was abandoned.

Figure 38 shows still another unstable case which was
computed, namely, Casc XIV for k = 0.6, € = 0.01, and b = O.
The numerical results for Case XIV are very similar to Case XIII
except that the growth rate (7l= -0.237) was slightly smaller
in Case XIV and the E. did not increase to as large an amplitude.

2

The property of the E. approaching a quasi-static value does not

1

seem to be strongly dependent upon the choice of k in the initial

conditions.
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V. INTERPRETATION OF NUMERICAL RESULTS:
COMPARISON WITH NON-LINEAR THEORIES

5.1 Stable Initial Conditions:
Time Dependence of Damping

At the outset of this discussion, it should be emphasized
that the numerical results obtained in this study pertaining to
the time development of the non-linear first order damping decrement
are in substantial agreement with the results obtained by Knorr
[1963 a, b]. It has been possible in this study to extend these
results and to investigate in detail the nature of the changes in
the spatially averaged distribution function fo (v, t) which are
associated with deviations from exponential damping. Furthermore,
we have obtained numerical results which illuminate the range of
applicability of recently developed theories of non-linear damping.

The first non-linear thcory we consider i1s that of O'Neil
[1965] as outlined in section 1.L. We find that Case X (kx = 0.35,
€ = 0.175) for which 7, = 0.035 and T = V 2/c = 3.4, satisfies
O0'Neil's criterion (7L T << 1) for the applicability of his results.
O'Neil's prediction is W 0 for t > 1. It may be seen from
Figure 28 for Case X that ™ does go to zero at about t = 15 in

apparent agreement with 0'Neil's theory. Another more general
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result which bears upon the Dawson [1961]--0'Neil [1965] premise
that breakdown of linearization first occurs in the region around
v = w/k is the observation that the non-linear corrections to
£ (v) are in all cases largest in the neighborhood of w/k.
The amount by which f_ (v, t) is changed depends on the initial
electric field amplitude €/k. The O'Neil result that 7, =0
in the long time limit seems to be valid in the restricted case
to which it may properly be applied. However, the initial condi-
tions to which the O'Neil theory applies are highly specialized;
k must be neither too small nor too large for O'Neil's time T
(given, in our dimensionless units, by‘\[_57;) to satisfy
%;r<< 1 and simultaneously to be the time at which |afl/av I
first becomes =~ lafo/av \. For most of the cases computed,
T =V 2/6 was considerably shorter than the time at which large
departures from the linear damping rate were observed, and the
electric field characteristically fell through more than an order
of magnitude before the damping stopped.

The next non-linear theory we consider is that of Gary
[1966], also outlined in section 1.5. For the Gary theory, the

predictions which we can test numerically are:
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1. Asymptotic value of the non-linear damping decrement

" with particular emphasis on the € < 0.1l cases.

2. The second order correction fég) (v, t) to the uniform

part of the distribution.
Gary's results apply in the regime t > tA where tA
is determined from the consideration that terms multiplied by
e'ZLtA must be negligible compared to all other terms in the
problem; hence %, tA >> 1. For purposes of comparison, the
numerical solutions were assumed to be in Gary's

asymptotic, t >t regime when the damping decrement had

I
attained a fairly constant value and when the vg—moment of

fég) was approximately constant. There is some uncertainty in
the numerically obtained values for the asymptotic non-linear
damping decrement, because the numerical solutions could be
obtained only for a limited time. For all the cases to be quoted,
the numerical ™ is estimated, using the trend of the Yy VS t

curves. We present in Table 7 a comparison of our numerical

versus Gary's predicted values of two quantities,

N
2

%— dv is, in the numerical case, nearly equal to the initial field

(asymptotic) and fw e f§2) (v, t) dav. The f” fég) (v, tﬁ9‘
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energy in the perturbation. The initial field energy appears in

the asymptotic regime as the increase in particle kinetic energy.
A further point on which Gary's theory may be

compared with the numerical data which is in the detailed shape

. . 2
in velocity space of fé ) (v, tA). Gary computes an

. (v, tA) for k = 0.5, € = 0.1 which may be compared with

Figures 12a, 13a, and 14a from this paper. By considering the
development of fgg) (v, t) in time from the numerical data, 1t
may be concluded that its asymptotic form will be quite near the
form predicted by Gary and Gorman. A graphical comparison of

fég) (v, 20) from Case IIT and fég) (v, t,) for k = 0.5, € = 0.1

A
from Gary and Gorman [1966], as shown in Figure 39, illustrates

the agreement of the theoretical and numerical results.

5.2 Stable Initial Conditions: Regrowth
of the Second Harmonic

Tt is observed that, if the initial electric field amplitude
is large enough, as in Case V, k = 0.5, € = 0.25, the uniform part
of the distribution function, f_ (v, t), develops a region of
positive derivative near w/k, as can be seen in Figure ok, It
is also noted that when the "bump" appeared at about t = 15 the

damping of El ceased and E2 began to grow. However, when the
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fo (v, 15) from Case V was used as an initial distribution for
k = 1.0, € = 0.01, the k wave did not grow but began damping

away. Hence, the cause of the growth of E, in Case V was not

2
that the f_ (v, 15) became unstable to perturbations of wave
number 2k; the presence of the lower order wave is apparently
required to produce the growth of E2.

A similar regrowth of the second harmonic may be seen in
Knorr's Figure 13e [Knorr, 1963a] for k = 0.5, € = 0.5 initial
conditions. Knorr does not derive the distribution function in

velocity space; hence no conclusion about f_ (v, t) may be made

for his case.

5.3 Unstable Initial Conditions:
Tendency Towards an Inhomogeneous
Equilibrium

A tentative interpretation of the numerical results obtained
for the unstable initial conditions in Cases XII and XIV will now
be offered. It was observed that the growing electric field
reached a limiting amplitude; and after that, as long as the

solution could be followed, the E

1 component of the electric field

did not change sign but underwent slow variations of about a
factor of 3 in amplitude. The second harmonic in Case XII did

oscillate through zero after attaining its limiting amplitude,
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but its variations were also very slow. The net electric field
did not change sign after attaining the limiting amplitude. There
seems to be no tendency for the electric fields to damp away.
Rather, the indication is that the total electric field in

Cases XIT and XIV is settling down to a static value. If this
conclusion is correct and if the numerical solutions are as
accurate as they are believed to be then these results may be
taken to indicate that the eventual development of a strongly
unstable plasma (with an initial f (v) = £ (-v)) is a spatially
inhomogeneous equilibrium of the Bernstein-Greene-Kruskal [1957]
type. This conclusion must be subjected to a much more exhaustive
numerical test. The task of demonstrating analytically the
corréctness or incorrectness of such a conjecture is indeed
formidable.

The solutions obtained in this paper for strongly unstable
initial conditions are qualitatively similar to Knorr's Cases VII
and VIII, although the initial conditions are quite different.
Knorr's Cases VII and VIII also seem to approach a quasi-static
equilibrium which is not field free; however, Knorr does not inter-

pret his results as approaching inhomogeneous equilibria.



It is also interesting that arguments for the approach,
as t = «, to one of the spatially non-uniform equilibria can be
given on the basis of the guasi-linear theory [Vedenov et al.,
1962; Drummond and Pines, 1962]. However, the present strongly
unstable equilibrium for which the growing modes have
u/k << Vth’ is not one to which the quasi-linear theory would
be expected to apply. The reason for the apparent correctness

of the result is not known.
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APPENDIX

THIS 1S A TYPICAL PROGRAM WRITIEN IN FORIRAN FOUR
TO COMPUTE THE SOLUTION OF THE NON-LINEAR VLASOV EQUATION.
SIBFTC HRMITE
C THIS IS A PROGRAM WHICH CALCULAIES (HE 1 IME DEVELOPMENI OF {HE
C COFFICIENTS Z(MsN) IN THE REPRESENTAIION OF iHE ELECIRON
C DISTRIBUTION FUNCTION.
C THE SECOND ORDER VLASOV~HERMITE SYSIEM IS USED 10 OBIAIN 1 HE
C DYNAMICAL EQUATIONS FOR THE Z(MsN).
C GILL*S METHOD IS USED FOR THE NUMERICAL INIEGRAIIONe
C THE Z(MsN) ARE REPRESENTED BY A DOUBLY SUBSCRIPIED VARIABLE
C AA(Ts ) e
C 1 IS THE FOURIER INDEXs I 1 Is IHE N=y FOURIER MODE.
C
C
C
C
C
C
C
C

J IS THE HERMITE INDEXs J = 1 I> IHE M = y COEFFICIENT»
RESERVE STORAGE AREA FOR VARIABLESe :
DIMENSION AA(351201)sAKAP(3912014)sR0O0IS11201) »DELROI (1201)
AKAP IS DELTAT TIMES THE DERIVATIVE OF IHE AA WIIH RESPECI 10 TIME.
AA IS THE FOURIER-HERMITE COEFFICIENT.
ROOTS (J)=SQUARE ROOT OF J-1,
DELROT (J)=(FOURTH ROOTS OF 2 Pl TIMES ROOTS(J) DIVIDED BY K)
TIMES (-DELTAT)
VARIABLE TYPE SPECIFICATIONS
REAL KO
LOGICAL L1
CALL A SUBROUTINE WHICH ALLOWS FOR UNDERFLOWS,
CALL TRAPS(10s-1)
C SET UP THE PARAMETERS OF THE PROBLEM.
KO=045 :
EPSLON=0,1
DELTAT=0,025
C  SPECIFY THE NUMBER OF FOURIER HARMONICS.
NF=3 :
C  SPECIFY MAXIMUM HERMITE INDEX.,
NH=1199 .
NHL =NH~1
DELTKO=DELTAT#*KO
DELTK2=2 ,0*DELTKO
POK=((2,0%#3,14159265) #%0,25) /KO
DELPOK=-DELTAT#*POK
R4PO2=0,5%( (2,0%3,14159265) ##0,25)
RECIPK=(SQRT (2.0%3414159265) )/ (KO*KO)
TWOCON=SQRT(2.0)
L1=,TRUE,
C  WRITE OUT PARAMETERS
WRITE(6398999)
WRITE (699000 )NF sNHsDELTAT sKO sEPSLON
D099 J=1sNH
Z=FLOAT(J)
98 ROOTS(J)=SQRT(Z)
DELROT ( J)=ROOTS(J)*DELPOK
99 CONTINUE
C  SET UP INITIAL VALUES FOR AA(IsJ)e
DO 101 I=1sNF
DO 101 J=1sNH

(g}
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101 AA(T9».)=0.0
AA(191)=140/1(2,0%3,14159265)%%0425)
AA(291)=(EPSLON*AA{1+1)7/240)

C INITIALIZE TIME
TIMg=0,0

C WRITE OUT INITIAL CONDITIONS
WRITE(699002)TIME

WRITE (659001 ) ((AA(TsJ) s T=1sNF) 2sJ=145)
C SPECIFY DESIRED NUMBER OF ITERATIONS.
ITIME=1800
C  INITIALIZE VARIABLES WHICH SPECIFY TIME AND THE INTERVALS FOR
C  WRITING OUT THE RESULTS.
MCOUNT=0
ICOUNT=0
C  INITIAL NUMBER OF HERMITE COEFFICIENTS
NH=49
C  MAXIMUM NUMBER OF HERMITE COEFFICIENIS.
NG=1185
€  TIME TO BEGIN DECREASING THE MATRIX SIXE IN THE HERMITE DIRECTION.
DOWN=(ROOTS (NG—10)/ (2,0%K0))

C ENTER FIRST DO LOOP FOR ITERATION IN TIME.
DO 7050 MT=1+ITIME
C DURING THE INITIAL 142 ITERATIONS WE INCREASE THE MATRIX SIZE IN THE
C HERMITE DIRECTION.
IF(MT LE.142)
160 TO 558 .
GO TO 559 .
558 NH=NH+8
NHL=NH~-1

559 CONTINUE
C INCREMENT VARIABLES FOR SPECIFYING INTERVALS FOR WRITING OUT RESULTSe
1=eNOTetL 1
MCOUNT=MCOUNT+1
1COUNT=T¢0UNT+1
TIME=TIME+DELTAT
C ENTER DO LOOP FOR THE FOUR SIEPS OF GILLt> MEIHOD.
DO 7000 "1G=194
C EVALUATE ALL DERIVATIVES FOR I=1s UNIFORM PARI.
DOT7090J=39NH»2
7090 AKAP(19J91G)=DELROT(J=1)1#(2,0%AA(291)%AA(29J-1)1+AA(3r]1)*AA(3sJ-1))
C EVALUATE DERIVATIVES FOR 1:2s FIRST HARMONICe
8002 AKAP(25191G)= DELTKO¥*AA(252)
DOB8003U=29NHL»2
8003 AKAP(29Js1G)=-DELTKO* (AA{2»J-1)%#RO0IS(J=1)1+RO0IS(J)*AA(2sJ+1))
1+4DELROT(J=1)%(AA(29 1) %AA(19J=1)+AA(39]1 ) #AA(29)~-1)%#0e5
2-AA(291)%AA(39J0-1))
DO 8009J=3sNHL 2
8009 AKAP(23Js1G)= DELTKO*(AA(29J= 1)*R00io\J 1)+AA(29J+41)*R00T L U))
1+DELROT(U-11%#(AA(3 1) #AA(29J~1)%0s5+AA( 221 )%#AA(3sJ~1))
AKAP(2sNHsIG)= DELTKO®#AA(29sNHL)*ROOIStNHL)
1+DELROT(NHL)*#({ AA(39 1) %#AA(2sNHL ) #045+AA( 291 )#AA(39NHL))
IF(TIME«GE « {DOWN+DELTAT)) GO TO 70
IFIABS(AA{23sNH) )eLEs10E=-10)
1 GO TO 6991
X=ALOG(ABS(AA(29NHL=4)))



C

C
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Y=ALOG(ABS(AA(2sNHL=2)))
2=ALOGIABS(AA(2sNHL)))

R=2,5%#2-2,0%Y+05%X

S=gXP(R)

Q=SIGN(Ss-AA(2sNHL))

AKAP(2sNH»IG)= AKAP(29NHoIG)+DELTKO*Q*ROOTS(NH)
GO TO 6991

70 AKAP(2sNHs1G)=AKAP (2sNHs[G)+DEL I KO*¥AA( 2 9NH+1)*#R0O0 1> (NH)
6991 CONTINUE
EVALUATE DERIVATIVES FOR I=3» SECOND HARMONIC.

AKAP(35151G)= DELTK2%AA(3+2)
DO 8020J=2sNHL 2

8020 AKAP(39Js1G)==DELTK 2% (AA(39J-1)*ROOTS(J=1)+AA(3+J+1)#*RO0OTS(J))

1+DELROT(J-1)#{ AA(39 1) %#AA(1s =11 %0s5+AA1 251 )%AAL22J=1))
DO 8021J=3»NHLs2

8021 AKAP(3sJsIG)= DELTK2¥ (AA(39J=1)*ROOISII=1)+AA139J+]1 L *#RO0IS1 ) )

1-DELROT(J-1)%AA(251)1%¥AA(29J-1)

AKAP (3sNH»2IG)= DELTK2%AA(3sNHL)*ROO I >t NHL)
1-DELROT(NHL)®#AA (291 )*AA (29 NHL)
IF(TIME.GE « {DOWN+DELTAT)) GO TO 80
IF(ABS(AA(33NH) ) eLEs1+0E-10)
1 GO TO 6992
X=ALOG(ABS(AA(3sNHL=4)))
Y=ALOG(ABS(AA(3sNHL~-2)))
Z=ALOG(ABS(AA( 39NHL)))
R=2,5#2=2,0%#Y+0,5%#X

S=gXP (R}
Q=SIGN{(Ss-AA(3sNHL))

AKAP (3sNH» IG)=AKAP (3 sNHs»IG)I+DELTK2*Q*ROOTS (NH)
GO TO 6992

80 AKAP(3sNHsIG)=AKAP(3sNHsIG)+DELTK2*¥AA(3sNH+]1 ) *ROOTS (NH)

6992

CONTINUE

NOW ADVANCE THE SOLUTIONS USING GILL'S FORMULAE.

7001

7022

7002

7032

7003

GO TO (7001700257003 +7004)91G

CONT INUE

D070221=1sNF

DO7022J=19NH

AA(TI 9 J)=AA(]19J)+0e5%#AKAP{ I3 JrIG)

GO TO 7000

CONTINUE

DO70321=1sNF .
DO7032J=19sNH

AA(T 9 J)=AA(]9J)=e29289322%(AKAP(I9Js1)-AKAP(1I9Js2))
GO TO 7000

CONTINUE

DOT70421=19NF

D07042J=19NH

7042 AAl(LsJ)= AA(IoJ)—o20710682*AKAP(I:Jvl)-AKAP(X’J92)

141,7071068%AKAP(19J93)
GO TO 7000

7004 CONTINUE

DO70621=1sNF
D07062J=13NH

7062 AA(T9J)=AA(]1+J)4061666666T*(AKAP(13Js]1)+AKAP(I9Js4))

1+40.80473783 *#AKAP(1sJ92)
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2-1.1380712#AKAP{19J93)
7000 CONTINUE
C CHECK TIME AND DECIDE WHETHER TO REDUCE THE MATRIX SIZE.
1F(TIME.GE+DOWN) :
160 TO 555
GO TO 556
555 IF(L1) NH=NH-2
NHL=NH-1
WRITE(699011) NH
556 CONTINUE

C CHECK VARIABLE AND DECIDE WHETHER TO WRITE OUT RESULTS.
IF(ICOUNT.NE.4) GO TO 7050

C RESET VARIABLE.
ICOUNT=0

C COMPUTE ELECTRON KINETIC ENERGY.
PENRGY=R4PO2# ( TWOCON*AA(193)+AA(1s1))

C COMPUTE FIELD ENERGY.
FENRGY=0.0
D069991=29sNF

6999 FENRGY=FENRGY+(AA(I+1)/(FLOAT(I-1)))*¥%2
FENRGY=FENRGY#*RECIPK
C COMPUTE TOTAL ENERGY.
TENRGY=FENRGY+PENRGY
WRITE(6+9002)TIME
C DECIDE WHETHER TO LIST FULL OR ABBREVIATED MATRIX AA(IsJ)e.
IF(MCOUNT .EQ.400) GO TO 6998
C WRITE ABBREVIATED MATRIXe.
DOT044MZ=1+5
J=MZ
WRITE(699001){AA(TIsJ)sI=1sNF)
7044 CONTINUE
C WRITE LABELS FOR ENERGIES, -
WRITE(6+99004)
C WRITE ENERGIES.
WRITE(619005)FENRGY sPENRGY s TENRGY
C CHECK TO SEE 1S5 OPERATOR WANTS TC END EXECUTION OF PROGRAM.
CALL SSWTCH(2sKTEST)
IF(KTEST.EQes1) GO TO 17
GO TO 7050
6998 CONTINUE
C RESET COUNTER, ) -
MCOUNT=0
C WRITE FULL MATRIX,
WRITE(6+99010)Y({AA(TsJ)sI=1sNF)sJ=19NH)
C WRITE ENERGY LABELSe.
WRITE(699004)
C WRITE ENERGIES,
WRITE(699005) FENRGY s PENRGY s TENRGY
7050 CONTINUE
17 CONTINUE
C PUNCH OUT INFORMATION FOR RELOADING PROGRAM,
WRITE(7+9013) TIME
DO4011=1sNF
DO400 K=1sNHs5
400 WRITE(799012)IsKsAA(I sK)sAA(TsK+1)sAA(TI sK+2) sAA(IsK+3)sAA(]IsK+4)



401
8999
9000
9001
9002
90013
9004

9005
9006
9007
9008
9009
9010
9011
9012
9013
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CONTINUE

FORMAT (1H1911X92HNF»11Xs2HNHs10Xs6HDELTAT 218X s2HKO9X » 6HEPSLON)
FORMAT(1H0910X’1398XoISolOX:F6.3’10X9F10.6OIOX'F6.3)

FORMAT(1H 98(1XsE1548))

FORMAT{1HO»23H MATRIX AT TIME =33XsF10e3)

FORMAT (1HO»2 1HSINE MATRIX AT TIME =+3X9F10e3)

FORMAT(1HO»8X» 12HFIELD ENERGY95X»1SHPARTICLE ENERGY 28X

112HTOTAL ENERGY)

FORMAT(1H +3(9XsFl11,8))

FORMAT{1HO» 18HINCREMENTAL TIME =93X9F1063)
FORMAT(1HO»F10e391X913910(1XsE10e3))
FORMAT(1HO»10(3XsE1043))

FORMAT(1H 916X927(1XsE15.8) )
FORMAT(1HOs6(4XsE15.8))

FORMAT(1H »15)
FORMAT(I191495(E1548))

FORMAT(F8.3)

CALL EXIT .

END

SENTRY HRMITE .

240
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Conservation of Energy for Stable

TABLE 3

k = 0.5, ¢ = 0.1 Case
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Time Wb WE wfot
0.50000000 0.0099999995 0.5099999995
0.5089508437 0.001049075 0.50999991.87

10 0.5099454681 0.000054294 0.5099997621
15 0.5099993128 0.000000351 0.5099996638
20 0.5099983083 0.000001253 0.5099995613
25 0.5099983230 0.000001153 0.5099994760
30 0.5099979577 0.000001403 0.5099993607
35 0.5099981054 0.000001153 0.509999258kL
Lo 0.5099984337 0.000000701 0.5099991347
45 0.5099986821 0.000000350 0.5099990321
50 0.5099988311 0.000000100 0.5099988411
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TABLE 6

Summary of Stable Cases
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Case Order of K c
System Used

I Second 0.5 0.025

IT Second 0.5 0.0k4
IIT Second 0.5 0.1
Iv Second 0.5 0.25
v Third 0.5 0.25
VI Third 0.5 0.ho
VII Second 1.0 0.1
VIII Second 1.0 0.2
IX Second 0.375 0.05

Second 0.35 0.175
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TABLE 7

Comparison of Numerical Results with Theoretical
Results of Gary and Gorman, k = 0.5

”x lm fég) (v, t) * av
c -
Numerical  Theoretical Numerical  Theoretical
0.025 | > .11 .0995 0.00125 0.00125
0.04 .08 .0850 0.0032 0.0032
0.10 .0L8 .Okkg 0.020 0.020
0.25 . 0.0 -- 0.125 0.125
0.4k 0.0 -- 0.320 0.32
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FIGURE CAPTIONS
Figure 1. Geometry for a plasma slab confined between perfectly
reflecting boundaries.

Figure 2. Numerical versus analytic solution of the free stream-

ing equation.

Figure 3. Numerical integration of the linearized Vlasov equation

for k = 0.5, ¢ = O0.1.

Figure L. Numerical integration of the second order system for

k = 0.5, € = 0.025, Case I.
Figure 5. Damping decrement versus time, Case I.

Figure 6. DNumerical integration of the second order system for

k = 0.5, € = 0.04, Case II.
Figure 7. Damping decrement versus time, Case II.

Figures 8a, 8b. Plot of fég) (v, t) and £ (v, t) for Case II,
t = 20.

Figures 9a, 9b. Same as Figures 8a, 8b except t = 35.

Figure 10. Numerical integration of the second order system

for k = 0.5, € = 0.1, Case III.
Figure 11. Damping decrement versus time for Case III.

Figures 12a, 12b. Plot of fég) (v, t) and f (v, t) for Case III,
t = 10.

Figures 13a, 13b. Same as Figures 12a, 12b except t = 20.



95

Figures 1lha, 14b. Same as Figures 12a, 12b except t = 30.

Figure 15. Numerical integration of the second order system for

k = 0.5, € = 0.25, Case IV.

Figure 16. Damping decrement versus time for Case Iv.

(2)

Figures 17a, 17b. Plot of f (v, t) and £ (v, t) for Case IV,

o

t = 5.0.
Figures 18a, 18b. Same as Figures 17a, 17b except t = 10.0.
Figures 19a, 19b. Same as Figures 1lTa, 17Db except t = 15.0.

Figure 20. Numerical integration of third order system for

k = 0.5, € = 0.25, Case V.

Figure 21. Numerical integration of third order system for
k = 0.5, € = 0.4, Case VI.

Figure 22. Plot of the damping decrement versus time, Case VI.

Figure 23. Numerical integration of second order system for

k =1.0, ¢ = 0.1, Case VIIL.

Figure 24. Numerical integration of second order system for

k = 1.0, € = 0.2, Case VIIIL.
Figure 25. Damping decrement versus time for Case VIII.

Figure 26. Numerical integration of second order system for

k = 0.375, € = 0.05, Case IX.

Figure 27. Numerical integration of second order system for

k = 0.35, € = 0.175, Case X.

Figure 28. Damping decrement versus time for Case X.



Figure 29. Numerical integration of "quasi' system for k = 0.5,

€ = 0.1, Case XI.
Figure 30. Damping decrement versus time for "quasi'".

Figure 31. Comparison of Z t) for k = 0.5, € = 0.1 in

Ol(
linear, second order, and "quasi' systems.
Figure 32. Comparison of first harmonics in Cases II, III, and

Iv.

Figure 33. DNumerical integration of Case XII for k = 0.5,

€ = 0.0, b = 0, in second order.

Figures 3k4a, 34b. Plot of fée) (v, 10) and £ (v, 10) for
Case XII.

Figures 35a, 35b. Plot of fc()z) (v, 20) and £ (v, 20) for
Case XII.

Figures 36a, 36b. Plot of f§2) (v, 30) and £ (v, 30) for
Case XII.

Figure 37. Numerical integration of Case XIII for k = 0.5,

€ = 0.01, b = 0 in third order.

Figure 38. Numerical integration of Case XIV for k = 0.6,

€ = 0.01, b = 0 in second order.

Figure 39. Comparison of theoretical f(g) (v, tA) [Gary and

Gorman, 1966] with numerical féQ (v, 20).

2
- 2
Figure 40. Plot of »(k) and w(k) for fo(v) = e \ /A enm
from linear theory (data courtesy S. P. Gary, 1966).
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